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Abstract

The experimental determination of the di�usion coe�cient of given species into liquid alloys is di�cult because of

the unavoidable contribution of the convection. This remark applies to the case of tungsten (W) and carbon (C),
introduced in liquid cobalt (Co) through the dissolution of tungsten carbide (WC). In the present work, the ¯ow
patterns produced by two di�erent conditions of electromagnetic stirring of the liquid Co bath are computed. The
electromagnetic forces which are induced by a high frequency induction coil are calculated with an integral method.

They are introduced into a ®nite volume code for calculating the ¯ow ®eld. The velocity characteristics which are
determined together with the experimental values of the rate constants [O. Lavergne, C. Allibert, Dissolution
mechanism of WC in Co based liquids, High Temperatures, High Pressures 31 (1999)] for the dissolution of WC in

the stirred liquid Co at 14508C lead to evaluate the di�usion coe�cient to 2 10ÿ9 m2 sÿ1. It is remarkable that the
values of D which are deduced for each case di�er only from 14%. # 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The cemented carbides are processed by sintering

compacted powder mixtures of tungsten carbide (WC)

and cobalt (Co) in the temperature range 1400±15008C
where the WC grains are surrounded by a Co rich

liquid. The growth of the initial WC grain size during

sintering is generally ascribed to the dissolution of the

smaller grains and precipitation of the dissolved

amount on the larger ones. The understanding of the

overall process requires the knowledge of the elemen-

tary steps of dissolution and precipitation. In a dissol-

ution process, the limiting step may be either the

transfer of atoms from solid to liquid (interface reac-

tion) or the transport of solute in the liquid (di�usion

assisted by convection). Any stirring of the liquid

accelerates the dissolution, if limited by di�usion, but

does not change the kinetics if controlled by reaction.

The study of the dissolution mechanism of WC in Co

based liquid has been carried out by the experimental

determination of the composition evolution of the

liquid in equilibrium with a polycrystalline WC bar as

a function of time, at 14508C. The experimentation

was done under electromagnetic stirring of the liquid.

Two distinct stirring conditions, induced by two di�er-

ent couplers, have produced di�erent dissolution rates.

This leads to conclude to a process controlled by dif-

fusion. The experimental details and results of this

study are described in Ref. [1]. The present paper is re-

lated to the analysis of the liquid ¯ow conditions used

in Ref. [1] in order to deduce the magnitude range of the

di�usion coe�cient in the Co based liquid. First, the
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force ®eld and the velocity ®eld are computed for each
of the two experiments, giving rise to a turbulent and
a laminar ¯ow, respectively. Then, the di�usion coe�-

cient is estimated from the characteristic values of the
velocity.

2. Experimental determination of the dissolution rate

constant

2.1. Description of the experimental facility

The experiments have been done on the facility
shown in Fig. 1 which consists of a WC inner cylinder
with a radius equal to 10 mm surrounded by liquid

cobalt contained in an alumina crucible having an
inner radius of 22 mm. The height of the annular
liquid region is equal to H = 28 mm. The electromag-

netic heating and stirring are induced by a 12-turn coil
supplied with a 10 khz electric current. The heat trans-
fer coupling is enhanced by supplying an electromag-

netic coupler between the alumina crucible and the
coil. Two types of couplers were used: a graphite cruci-
ble, with a wall thickness 9 mm and a molybdenum

crucible, with a wall thickness 5 mm. Table 1 shows
the physical properties of the various materials used in
each experiment. The graphite coupler for which the

electromagnetic skin depth, dem, is equal to 27 mm at
10 khz, enables a good penetration of the magnetic
®eld in the liquid cobalt as well as a strong stirring.
With the molybdenum coupler dem=1.1 mm : most of

the heating is made in the coupler and the electromag-
netic forces in the liquid cobalt are expected much
smaller than in the previous case. The current intensity

in the coil is 350 A with the graphite coupler and is
equal to 525 A with the molybdenum coupler. The
mean temperature of the experiment is 14508C.

2.2. Dissolution rate constants

The experimental results described in [1] show an
equivalent increase of the carbon and tungsten con-

Nomenclature

A vector potential of the magnetic ®eld (Tm)
B magnetic ®eld (T)
C concentration (mole mÿ3)
D di�usion coe�cient (m2 sÿ1)
f electromagnetic force density (N mÿ3)
g gravity (m sÿ2)
H height of the liquid region (m)
j electric current density (A mÿ2)
k dissolution rate constant (m sÿ1)
Re Reynolds number: Re=UR/n
r radial coordinate (m)
Sh Sherwood number; Sh=k(H/2)/D
T temperature (K)

t time (s)
U velocity scale (m sÿ1)
U� friction velocity (m sÿ1)
u velocity component (m sÿ1)
V volume of liquid metal (m3)
Sc Schmidt number; Sc=n/D

S area of solid±liquid interface (m2)

Greek symbols
bT thermal expansion coe�cient (Kÿ1)
bC concentration expansion coe�cient (m3

moleÿ1)
d electromagnetic skin depth (m)

n kinematic viscosity of the liquid metal (m2

sÿ1)
o angular frequency of the magnetic ®eld

(sÿ1)
C stream function (m3 sÿ1)
r density of the liquid metal (kg mÿ3)
s electrical conductivity (Oÿ1 mÿ1)
t shear stress (Pa)
y angular coordinate
j electric potential (V)

Table 1

Physical properties of the di�erent materials used in the dissolution experiment shown in Fig. 1

Electrical conductivity s (Oÿ1 mÿ1) Density r (kg mÿ3) Kinematic viscosity n (m2 sÿ1)

Solid WC 5.6 � 106 15,800

Graphite coupler 3.3 � 104 1500

Molybdenum coupler 18.8 � 106 10,000

Liquid cobalt 0.98 � 106 8600 10ÿ7
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tents dissolved in the liquid. As shown in Fig. 2, the
time dependence of the C and W concentrations is

very correctly represented by the equations:

V
dC

dt
� kS�C � ÿ C � �1�

integrated as:

ln
C � ÿ C0

C � ÿ C
� S

V
kt �2�

where C�, C0 and C are, respectively, the W or C con-

tents corresponding to the solubility limit, the initial
and instant values. S is the area of the solid±liquid
interface, V is the liquid volume, k is the dissolution
rate constant and t is the dissolution time.

This model expresses the variation of ¯ux of the
solute species through the solid±liquid interface as pro-
portional to the change of species concentration in the

liquid, as usually described for di�usion through a
®lm. It assumes a linear gradient of solute content
(C�ÿC ) in a boundary layer of thickness d, along the

solid±liquid interface, and a constant instant content C
in the other part of the liquid. This model, that corre-
sponds to a liquid perfectly homogenised by stirring,
relates the dissolution rate constant k to the di�usion

coe�cient D by:

k � D=d:

The values of k deduced from the experimental results

[1] are:

Fig. 2. Time dependence of the concentrations of carbon (C) and tungsten (W) in liquid Co at 14508C. The ratio V/S is

3.11 � 10ÿ2 m for the graphite coupler and is 2.9 � 10ÿ2 m for the molybdenum coupler.

Fig. 1. Experimental facility for the measurement of the dis-

solution rate of WC in liquid cobalt (all dimensions in mm).
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k1 � 4:9 10ÿ5 m sÿ1 �3�

and

k2 � 1:6 10ÿ5 m sÿ1 �4�

for the graphite and molybdenum coupler, respectively.
Such values compare with those determined for the

dissolution of TiC in liquid Co [2], by the technique of
the rotating disk, usually employed for a dissolution
kinetics study.

3. Flow computation

As the magnetic ®eld distribution is una�ected by
the liquid metal ¯ow, it is therefore possible to calcu-

late the magnetic ®eld in a quasi-static approximation
and to introduce the associated force ®eld in the
momentum equations.

3.1. Force ®eld calculation

In the axisymmetric approximation, the magnetic

®eld distribution ~B � �Br, 0, Bz ) can be deduced from
the azimuthal component, Ay, of the vector potential
~A de®ned as:

~B � curl ~A �5�
The component Ay, which is the only non-zero com-
ponent of the vector potential, is linked to the electric
current density, jy, in every conducting part by Ohm's

law:

jy � ÿs
�
@f
r @y
� @Ay

@ t

�
�6�

where @f/r @y stands for the azimuthal gradient of elec-
tric potential imposed to the coil and t denotes the
time. This gradient is zero inside the liquid metal load

Fig. 3. Iso contours of the radial (a) and axial (b) forces for the case of a graphite coupler.
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as well as in the conducting walls. The integral method
described in [3] has been used to solve the problem.

This method takes advantage of the sinusoidal nature
of the electric variables which allows to write:

@Ay

@ t
� ioAy �7�

and of the Biot and Savart relation between the cur-
rent density and the vector potential:

Ay � m0
4p

� � �
j

r
dv �8�

where m0 is the magnetic permeability of vacuum, r is
the distance between the current sources and the point

where Ay is to be calculated and dv stands for the el-
ementary volume. For a given gradient of electric po-
tential, Eqs. (6)±(8), are combined to yield a linear
system which solution gives j everywhere in the coil

and in the other conducting parts. The vector potential
and hence, ~B, is obtained from this result. The aver-
aged value of the electromagnetic force ~j� ~B over a

period of the electric current is ®nally calculated.
Fig. 3(a) and (b) show the force distribution in the

liquid region when the graphite coupler is used with a

current intensity equal to 350 A. Owing to axisym-
metry, the azimuthal component fy is zero. The radial,
inward directed, force fr is almost z-independent and

decreases from 250,000 N mÿ3 along the external
radius to 0 near the WC±Co interface. The vertical
force fz is positive in the bottom of the annulus and
negative near the free surface. Its absolute value is

around 150,000 N mÿ3. When the molybdenum
coupler is used, the force pattern remains almost
unchanged but the typical values of the forces are

much less: the intensity of the radial force is only 2800
N mÿ3 whereas that of the axial force ranges between
+920 N mÿ3 near the bottom to ÿ1500 N mÿ3 near

the free surface. This strong decrease is due to the
large shielding of the magnetic ®eld by the molyb-
denum coupler.

3.2. Velocity ®eld computation

The force ®eld ( fr, 0, fz) is introduced in the com-

mercial ®nite volume solver FLUENT to obtain the
¯ow pattern. Usual no-slip conditions are imposed
along solid boundaries � ~U � 0� whereas free-slip con-

ditions are prescribed at the free surface which is
assumed to remain horizontal:

@ur
@z
� uz � 0 at the free surface: �9�

A 30 � 50 mesh has been used in the radial and verti-
cal directions, respectively. When required, a standard

kÿE turbulence model has been used (here k denotes
the kinetic energy of turbulence and E its rate of dissi-

pation). Visualisation of the meridional velocity
streamlines (ur, 0, uz ) is made through iso-contour
plots of the streamfunction C de®ned as:

�ur, 0, uz� � curl

�
0,

C
r
, 0

�
: �10�

3.3. Estimation of the thermal or solutal convection

velocity

As our calculations neglect the in¯uence of thermal
or solutal convection, it is necessary to estimate the

order of magnitude of the associated velocities.
Assuming a balance between inertia and thermal

buoyancy forces gives:

rU 2
T

l
1rgbTDT �11�

where UT is a typical velocity which would be induced
by thermal convection alone, l is a typical dimension,

eg. the radial distance between the inner and the outer
walls, bT is the volumetric expansion coe�cient and
DT an order of magnitude of the temperature di�er-

ence in the bath. Introducing the numerical values:
l = 12 � 10ÿ3 m, bT=10ÿ4 Kÿ1, DT=10 K, in Eq.
(11) gives:

UT10:01 m=s:

The same approach gives an estimation of the solutal
velocity, US, which would appear owing to the di�er-
ence in the concentrations of W and C in the liquid

cobalt:

rU 2
S

l
1rgbSDC �12�

where bS is the solutal expansion coe�cient and DC a

typical concentration di�erence in the bath.
Introducing the estimated values: bSDC 1 10ÿ3 in Eq.
(12) gives:

US10:01 m=s:

The velocity ®elds UT and US have the same order of
magnitude and the value 0.01 m/s should be kept in

mind when examining the results of the following sec-
tion.

4. Results

Two di�erent cases are considered according to the
characteristics of the electromagnetic coupler which
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has been used. These two cases will be referred to as
Case 1 and 2, respectively. For each case, we will try
to deduce the value of the di�usion coe�cient, D, or,

equivalently, that of the Schmidt number, Sc.

4.1. Case 1: graphite coupler

As mentioned previously, the magnetic ®eld is only
weakly damped by the coupler and a rather intense
turbulent stirring is produced. The streamlines are

shown on Fig. 4 and display two meridional counter-
rotating rolls, the one at the top rotating in the clock-
wise direction. Owing to the di�erence between the
boundary conditions at the bottom of the bath where
~U � 0 is imposed and at the free surface, these two
rolls are slightly di�erent. The maximum velocity in
the whole bath is found equal to Um=0.295 m sÿ1. It
is here important to remark that this velocity is about
30 times that found for the thermal or solutal convec-
tion velocity. The regions where the velocity is higher

than 0.2 m sÿ1 (Fig. 5) are concentrated near outer top
and bottom corners of the liquid zone. These regions
correspond to the highest values of the electromagnetic

forces. The mean ¯ow is turbulent and develops thin

boundary layers along the two vertical solid walls.

This is shown in Fig. 6 which displays three radial pro-
®les of the vertical velocity vz at the altitudes de®ned

in Fig. 4. Two of them cross each one of the two vor-

tices near its center whereas the third one is plotted at
the mid-height of the bath. Fig. 7 outlines the pro®le

Fig. 5. Case 1 (graphite coupler): iso-contour of C showing

the regions where the velocity is higher than 0.2 m sÿ1.

Fig. 6. Case 1 (graphite coupler): radial pro®les of the vertical

velocity uz at three di�erent heights (see Fig. 4).

Fig. 4. Case 1 (graphite coupler): iso-contours of the stream-

function C of the ¯ow.
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of the turbulent friction velocity U� along the WC±Co
interface. This velocity is de®ned as:

U � �
������
tP

r

r
�13�

where tP is the wall shear stress and r is the ¯uid den-
sity. The velocity U� follows a sinus-like distribution

similar to the magnitude of the velocity uz in this
region. Its mean value U� along the vertical interface
can be approximated as follows:

U � �
�����������
j tP j
r

s
�

����������������������������
tmax

r
sin

zp
H=2

r
�14�

where H = 28 mm is the liquid depth and tmax=1.8

Pa is the maximum value of the tangential shear
deduced from Fig. 7. One ®nally ®nds:

U � � 0:009 m sÿ1: �15�

The di�usion coe�cient, D, is linked to the dissolution
rate, k1, by the Sherwood number:

Sh � k1H=2

D
�16�

which represents the ratio of the mass ¯ux carried by
convection to that ensured by di�usion. Here, Sh is
built with the mid-height H/21 of the bath. Then, in

order to calculate D, we need to deduce Sh from the
turbulent characteristics of the ¯ow. In this respect,

the results available for heat exchanges in circular
ducts [4] can be extended to this mass transfer
problem. We obtain:

Sh � 6

25

ReSc�U �=U �
Sc� ln�1� 5Sc� � 0:5 ln

�
Re�U �=U �

60

� �17�

Using the maximum velocity Um=0.295 m sÿ1 and
still H/2=0.014 m as characteristic velocity and

length scales, respectively, give Re= 41,300 and
U�/U= 0.03. This latter value is in agreement with
well-known investigations of the turbulent boundary

layer along a ¯at wall [5] where it is found that:
U�/U 1 1/30.
The value of Sc is still unknown but can be foreseen

to be very large compared to unity. This allows to sim-
plify Eq. (17) to:

Sh � 6

25
Re

U �

U
�18�

with an error equal to 12% when Sc = 50 and 6%

only when Sc= 100.
From Eqs. (16) and (18) we ®nd:

D � 2:3� 10ÿ9 m2 sÿ1 �19�

which gives the value of Sc:

Sc � 43: �20�

4.1. Case 2: molybdenum coupler

In this case, the magnetic ®eld is strongly reduced
and the ¯ow remains laminar.

Fig. 8 shows the corresponding streamlines which
strongly resemble those obtained in Case 1. The
regions with the highest velocity are still located near

the top and bottom external corners. Nevertheless, the
velocity magnitude is much smaller and reaches a peak
value at 0.029 m sÿ1, i.e. 10 times less than in Case 1.

This velocity is nevertheless still 3 times larger than
that estimated for the thermal or solutal velocity.
Building the Reynolds number of this ¯ow with the

distance between the inner and the outer interfaces

which limit the annular liquid region gives:

Re13400 �21�

This value suggests a laminar and stationary ¯ow,
what is con®rmed by the good convergence of the nu-

merical code when a laminar model is used. As in Case
1, Fig. 9 shows horizontal pro®les of the vertical vel-
ocity through each meridional cells and through the

Fig. 7. Case 1 (graphite coupler): wall friction tP along the

WC±Co interface.

1 H/2 equal 14 mm and is quite comparable to the radial

extent of the annular liquid region. The latter is 12 mm wide

and could also have been used as a typical length scale.

C. Allibert et al. / Int. J. Heat Mass Transfer 43 (2000) 437±445 443



mid-height plane. As expected from this low Reynolds

number situation, the vertical walls boundary layer
thickness is higher than in Case 1 and the mean vel-
ocity far away from the WC±Co interface is roughly
equal2 to 0.015 m sÿ1. In order to deduce the value of

the di�usion coe�cient, D, from this second exper-
iment, we write a de®nition of the Sherwood number
similar to that of Eq. (16):

Sh � k2H=2

D
: �22�

In this situation where the Schmidt number is much
greater than unity, the Sherwood number can be esti-
mated from the expression available for a laminar ¯ow

over a ¯at plate:

Sh � 0:66�ReH=2�1=2Sc1=3 �23�

where the Reynolds number ReH/2 is built with the vel-
ocity in the outer region of the interface boundary

layer previously de®ned (U1=0.015 m sÿ1) and with
the half-height, (H/2=0.014 m) of the bath.
Introducing the experimental value k2=1.6 � 10ÿ5 m

sÿ1 from Eq. (4) gives:

Sc � 50 �24�
corresponding to:

D � 2� 10ÿ9 m2 sÿ1 �25�
what is in global agreement with the value previously
found in Eq. (20) and then con®rms the negligible con-
tribution of the solute or thermal convection.

5. Conclusion

The experimental determination of di�usion data in
liquids is di�cult because of the contribution of the

thermal or solutal convection to the total mass trans-
port. Consequently, the techniques involving controlled
convection are preferably used. As reported in the

review on the di�usion in liquid metals, by Kubicek
and Peprica [6], the electromagnetic stirring enables
only a rough evaluation of the convection contribution

and of the di�usion coe�cients. The present results
exhibit a good consistency between the Schmidt num-
ber and the di�usion coe�cient values deduced from
the two conditions of laminar and turbulent ¯ows used

for their determination. Consequently, the compu-
tation of the liquid ¯ow pattern produced by electro-
magnetic stirring, associated to the experimental

determination of dissolution rate constants in electro-
magnetically stirred liquids provide an approach for
the evaluation of di�usion coe�cient, mainly valuable

for the systems involving high temperature investi-
gations.
As for the di�usion coe�cient value, D, it is in the

Fig. 8. Case 2 (molybdenum coupler): iso-contours of the

streamfunction C of the ¯ow.

Fig. 9. Case 2 (molybdenum coupler): horizontal pro®les of

the vertical velocity uz at the same positions as in Fig. 6.

2 This value is the average between the absolute value of the

velocity in the bottom region, where uz 1 0.02 m sÿ1, and in

the top, where uz20.01 m sÿ1.
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magnitude range found in literature for most of refrac-
tory metals in liquid Fe or Fe,C alloys. The literature

review [7] on the di�usion of several metals M and of
C in liquid alloys (Fe, M, C) reports the ranges (2±
5) � 10ÿ9 and (10±20) � 10ÿ9 m2 sÿ1 for the di�usion

of M and C, respectively. While these values are not
drastically di�erent, they indicate a di�usion slightly
more rapid for C than for M. The few data published

on the di�usion of W in Ni [8] and Ti in Co [2], re-
spectively, 10ÿ8 and 10ÿ10 m2 sÿ1, indicate a similar
behaviour for the solvents Fe, Ni and Co. When com-

pared to the literature, the value of D presently
obtained (2 � 10ÿ9 m2 sÿ1) leads to conclude that the
dissolution of WC is limited by di�usion of W in the
Co based liquid.
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